Photonic Phase Gate via an Exchange of Fermionic Spin Waves in a Spin Chain 
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We propose a new protocol for implementing the two-qubit photonic phase gate. In our approach, 
the tv phase is acquired by mapping two single photons into atomic excitations with fermionic 
character and exchanging their positions. The fermionic excitations are realized as spin waves in 
a spin chain, while photon storage techniques provide the interface between the photons and the 
spin waves. Possible imperfections and experimental systems suitable for implementing the gate are 
discussed. 
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Strong nonlinear interactions between single photons 
are essential for many potential applications in quantum 
information processing, such as efficient optical quantum 
computing and fast long-distance quantum communica- 
tion 0, [J. However, since single-photon nonlinearities 
are generally very weak Q, strong photon- photon inter- 
actions require elaborate and experimentally challenging 
schemes [4J47| with a reliable, practical approach yet to 
emerge. In principle, a robust and conceptually simple 
gate between two photons can be achieved by temporar- 
ily storing their quantum information into two excita- 
tions with fermionic character and exchanging these ex- 
citations to obtain the 7r-phase shift In this Letter, 
we propose how to implement this scheme with the role 
of fermionic excitations played by spin waves in a one- 
dimensional (ID) spin chain. 

The main idea of our protocol is illustrated schemat- 
ically in Fig. [TJa). Two photonic wave packets (£ in 
the Figure), labeled as R (right-moving) and L (left- 
moving), propagate in an optical waveguide (il-Hoj cou- 
pled to a ID optical lattice filled with one bosonic A- 
type atom [Fig. QJb)] per site and with tunneling be- 
tween sites turned off [llj. In step (1), photon storage 
techniques [12I - H5I ] are used to map the two photons via 
an auxiliary control field (labeled f2) onto two spin waves 
formed by the collective coherence between atomic states 
g and s (the amplitude of the spin wave on a given atom 
is indicated by the darkness of the circle). In step (2), 
the lattice depth is reduced yielding a nearest-neighbor 
superexchange spin Hamiltonian [ill [l6j , which couples 
states s and g and which can be adjusted in such a way 
that the spin waves behave as free fermions 17j . In step 
(3), the spin waves propagate through each other, ex- 
change places, and, being fermionic, pick up the desired 
7r phase. In step (4) , the superexchange is turned off. Fi- 
nally, in step (5), the spin waves are retrieved back onto 
photonic modes. 

The gate is thus achieved via an exchange of two free 
fermionic excitations that temporarily carry the photonic 
qubits. A closely related idea of endowing photons with 
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FIG. 1: (color online) (a) Schematic diagram for the imple- 
mentation of the photonic two-qubit phase gate, (b) The 
A-type atomic level diagram used for interfacing photons and 
spin waves, (c) The fermionic dispersion relation e(k) in units 
of J (solid line), and, schematically, the amplitudes of the two 
spin waves in fc-space (dashed lines). 



fermionic character by means of nonlinear atom-photon 
interactions is presented in Ref. Contrary to this, in 
our proposal, fermionic behavior of photons is achieved 
by mapping photonic qubits onto atomic states and then 
relying on atom-atom interactions. Such an approach is 
similar to that of Refs. 0,0, Hi: where photonic quantum 
information is also processed by mapping it onto atomic 
states and using atom-atom interactions. 

Since our gate is based on the relative positions of the 
fermions, it is robust in that the nonlinear phase is ex- 
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actly 7r (other errors are still possible, as discussed be- 
low). This attractive feature of our gate relies on the 
capability of u sing the presence and absence of a fermion 
as a qubit IH 19l | which is in turn enabled by the inter- 
conversion between bosonic photons and fermionic spin 
waves 0. This interconversion is achieved in two steps. 
First, photon storage and retrieval techniques 1 2|— tl 51] are 
used to interconvert between photons and bosonic spin 
waves, and, second, hard-core interactions between spin 
waves effectively endow them with fermionic character. 
The first step requires strong collectively enhanced cou- 
pling between photons and atoms [12l4l5| . which can be 
achieved in recently demonstrated waveguides that trans- 
versely confine both atoms and pho tons to dimensions 
on the order of a wavelength [8l4l0{. The second step 
is achieved by means of strong atom-atom interactions 
(lH [3. Our proposal thus bears a similarity to those of 
RefsTyl, Q , which also rely on strong interatomic inter- 
actions, but contrasts with methods where atom-photon 
interactions alone suffice [1, 0] • At the same time, our 
proposal is fundamentally different from Refs. [H, 0] in 
that it relies on the robustness and conceptual simplicity 
of fermionic exchange for achieving the nonlinear phase. 

Before proceeding, we note that fermionic exchange in 
spin chains, including their cold atom realization [l^|, has 
been suggested for use as an entangling gate in Refs. (lil 
|20| . The advantage of our approach is that we require 
neither spatially inhomogeneous coupling nor single-site 
addrcssiblity and that we extend the gate from spins to 
photons via photon storage techniques 12 - 15| . 



Details of the protocol. — We begin with a bosonic two- 
component single-band Hubbard model in a ID lattice, 
with the transverse motion frozen. There are N sites with 
nearest-neighbor spacing a, yielding a total length Na. 
The tunneling amplitudes are t a for species a (a = g,s), 
while the s-wave interaction energies are U aa for two a 



atoms and U sg for an s atom with a g atom ll|. As 



suming one atom per each of N sites in the weak tun- 
neling limit t g ,t s <C U gg ,U ss ,U sg , ignoring edge effects, 
and dropping the term S* (which would contribute a 
simple linear phase [2l| ) , the superexchange XXZ Hamil- 
tonian is (fi. = 1 throughout the Letter) 11, 1(| 
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c?j/2, where Sj are Pauli operators in the {s, g} basis and 
5^ = Sj±iS^ . It is convenient to use the Jordan- Wigner 



transformation [17J to map the spins onto fermions with 
creation operators cj: Sj~ 



c] exp ( iir J2l=i n k ) and 



Sj = rij — |, where rij = c^Cj. Then, dropping the term 



rij , which would contribute only a linear phase [21| 



H 



o 



-3 + 1 



C j+l C J 



V'E " • ( 2 ) 

o 



With V = 0, Eq. (dJ is the XX Hamiltonian, while Eq. © 
then represents free fermions. We can obtain V = 0, for 



example, by taking i. 



t and U„ 



U s 



2U S 



U, so that J = 4t 2 /U [l9|. When all three scattering 
lengths are similar in size, as e.g. in some ground-state 
alkali atoms, U sg can be reduced by shifting the s and g 
lattices relative to each other [22j . 

The free fermion (V = 0) case can be diagonalized, 
ignoring boundaries, by going to fc-space: 



H = 5>(fc)4. Cfc , 



(3) 



where k takes N values in the first Brillouin zone from 



JkjJ 



and 



to 7T at intervals of 2tt/N, c\ = (l/\^V)Ej - 
the dispersion e(k) = — 2Jcos(fc) is shown in Fig.[ljc). 

With all atoms in \g) (denoted as |vac)) and tunnel- 
ing turned off, two counterpropagating photonic modes, 
labeled as R and L in Fig. [TJa), arc incident on our ID 
chain of atoms near resonance with the g-e transition [sec 
Fig. [TJb)]. The wave packets carry photonic qubits, in 
which |0) (|1)) corresponds to the absence (presence) of 
a single photon in the mode. The goal is to implement a 
two-qubit phase gate, which puts a 7r phase on the state 
|1)|1), leaving the other three basis states (|0)|0), |0)|1), 



and |1)|0)) unchanged [211] . We use two control fields 51 
(one for R and one for L) near resonance with the s-e 
transition [see Fig. QJb)] applied at different angles from 
the side of the chain [see Fig. HJa)] to store [12l4l5j the 
two photons into the s-g coherence over two spatially sep- 
arated regions. As shown below, by appropriately choos- 
ing the angle of incidence of the control fields, we can 
arrange for the R and L spin waves to be centered in 
fc-spacc around k = it/2 and k = —n/2, respectively, 
as shown in Fig. [TJc). This ensures that the two spin 
waves will move through each other with maximum speed 
[largest possible difference of first derivatives of e(k)] and 
with minimal distortion [vanishing second derivative of 
e(k)]. Photonic band gap effects coming from the peri- 
odicity of atomic positions |23| can be avoided if light 
of different wavelengths is used for the lattice and the 
photons, which is typically the case in experiments 24 1. 

The XX Hamiltonian is then turned on. Since H is 
diagonal in the Fourier basis [Eq. (j3|)], it is convenient 
to define, for any function q(j) on the sites j, its Fourier 
transform q(k) = (1/V7V) Y^j <l{3) e ~ %k ^ together with the 
usual inverse relation q(j) = (1/Vn) J2 k q(k)e tk: > . Us- 
ing Eq. (J3j) and 5j"|vac) = c]|vac), it is then easy to 
check that the R spin wave alone evolves in time r as 
J2jRti, T )S+\™c), where R(k,r) = R{k,Q)e-' lT < k \ We 
now assume that R(j, 0) is centered around j = N/4 
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and has width ~ N that is nevertheless small enough 
for R(j,0) to be negligible near the edge (j = 1) and 
in the middle (j = N/2) of the chain. Furthermore, 
we assume that R(k,0) is centered around k = tt/2 
with Fourier-transform-limited width ~ 1/N, so that, for 
N S> 1, the dispersion is approximately linear for all rel- 
evant k: e(k) « [k — (ir/2)]v, where the velocity (in sites 
per second) is v — 2J. Then, provided the pulse does 
not reach j = N, it moves to the right with velocity v: 



R(j,r) 



At J-k 



R(j — vt, 0). Such spin- wave propagation 



plays an important role in quantum information trans- 
port in spin chains [25[. Similarly, the spin wave L(j,0) 
centered around j = 3iV/4 with carrier momentum —n/2 
approximately evolves as L(j',r) sa e %T L(j' + vt,Q). 
Finally, if both R and L are stored simultaneously, they 
propagate as £\ R(j, r)c] £\, L(j', r)c], |vac), so that af- 
ter time t = T = N/ (2v) they exchange places. However, 
in addition, when rewriting the final state in terms of spin 
operators Sj~, an extra minus sign appears since for all 
relevant j and j', j > j' . Thus, the state |1)|1) picks up 
an extra 7r phase relative to the other three basis states, 
giving rise to the two-qubit photonic phase gate once the 
spin waves are retrieved. 

An alternative way to see the emergence of the minus 
sign is to note that, for V = and ignoring boundaries, 
the eigenstates of the two-excitation sector of Eq. JT]) 

are cx J2j<j> fe 8iy e w ' — e lpj e liy ' J \j,j') and have energy 
e(k) + e(p), where p and k are quantized as before, p < k, 
and \j,j') = Sj~5^|vac). The simultaneous propagation 
of R and L spin waves then explicitly exhibits the mi- 
nus sign: £\<i' [R(j, r)L(j>, r) - R(f, r)L(j, r)] 
so that at r = (r = T) only the first (second) term 
in the square brackets contributes. 

Experimental realizations. — Two experimental systems 
well suited for the implementation of our phase gate are 
atoms confined in a hollow-core photonic band gap fiber 
[H, [t| and atoms trapped in the evanescent field around 
an ultrathin optical fiber (Io| . In the former system, a 
running-wave red-detuned laser can be used to provide 
a transverse potential limiting atomic motion to a tube 
and preventin g co llisions with fiber walls. Then either a 
blue-detuned [2J| or another red-detuned beam can be 
used to create a ID lattice in the tube. To prepare the 
atoms, one can load a Bose-Einstein condensate into the 
fiber with the lattice turned off (but the tube confinement 
on), and then adiabatically turn on the lattice brin gin g 
the atoms via a phase transition into the Mott state [26| . 
Recent experiments indicate a temperature of C//(37fcs) 
(2(|, at which, with a properly adjusted density, a state 
of one atom per each of N = 1000 sites would be defect- 
free [27} . In fact, > 99% probability of single-site unit 
occupancy has already been demonstrated in a Mott in- 
sulator |28[. Before loading, optical pumping and state 
selective trapping can be used to prepare all the atoms 
in state g. It is important to note that, since the initial 



spin state is determined by optical pumping, the protocol 
does not require the temperature of the original atomic 
cloud to be below J/ks [la]. The same procedure can be 
used to load the atoms in the evanescent field system. 

In both experimental systems, during photon storage, 
an incoming photon of momentum fcj (parallel to the 
atomic chain axis) is absorbed while a control field pho- 
ton of momentum k c is emitted. The fc-vector of the spin 
wave is, thus, equal to the projection on the atomic chain 



axis of ki — k c 
an angle 



12j . For example, if \ki 



7r/a, then 



of « 60° between the control beam and the 
atomic chain axis gives the desired spin- wave k- vector of 
±tt/(2o). For N = 1000 and 2a ~ 1/im, the length of 
the medium is Na ~ 500/im. Thus, one could indeed use 
two focused control beams to store independently two 
single photons from the opposite directions. One could 
also store photons incident from the same direction, in 
which case additional Raman transitions or gradients in 
Zeeman or Stark shifts may be used to produce the de- 
sired spin-wave momenta. Spin-wave retrieval is carried 
out in the same manner. 

Imperfections. — We now consider several errors that 
can arise during gate execution. First, to estimate the 
error due to the finite t/U ratio, we perform two con- 
secutive Shrieffer- Wolff transformations to compute the 
t 4 /U 3 corrections to H . A perturbative calculation then 
shows that the dominant effect of these corrections, be- 
yond a slight and unimportant modification of the dis- 
persion e(k), is an additional nonlinear phase ~ (t/U) 2 . 
This yields an error p\ ~ (t/U) 4 , which can be further 
reduced by tuning V (see Conclusion). Second, photon 
storage and retrieval with error P2 ~ 1/ (r)N) [31( can be 
achieved at any detuning [H] and for pulse bandwidths 
as large as ~ 77./VT (3^1, where r/N is the resonant op- 
tical depth on the e-g transition whose linewidth is T. 
Third, the error due to the decay of the s-g coherence 
with rate 70 is P3 ~ 70T '. An additional error comes 
from the reshaping of the pulse due to the nonlinearity 
of the dispersion. This error falls off very quickly with 
N, and already for N = 100 we find it to be as low as 
~ 10~ 4 . Moreover, pulse shape distortion can be fur- 
ther corrected during retrieval HI, 31 , HH , making the 
corresponding error negligible. 

With an experimentally demonstrated rj = 0.01 (ol. fioj] . 
we need N > 1000 to achieve efficient photon storage 
and retrieval (small p^). To suppress t 4 /U 3 corrections 
to H, we take (t/U) 2 = 0.01, which reduces p\ down to < 
10~ 4 and yields velocity v = 8t 2 /U and propagation time 
T = N/(2v) = N/(Q.1W). For U = (2tt)4 kHz [H and 
N = 1000, this gives T ~ 250 ms, which is shorter than 
the experimentally observed coherence times of ~ 1 s 0, 
35| . Thus, a proof-of-principle demonstration of our gate 



can be carried out with current experimental technology. 
With improved experimental systems, a faster and higher 
fidelity implementation will be possible. In particular, 
coherence times and r\ can likely be improved with better 
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control of light and atoms. Moreover, larger U might be 
obtainable via magnetic or optical Feshbach resonances 
[36| or with more intense lattice lasers. 
For an incoming single photon of duration T p = 100 



us 



37| . using ijN = 10 and the parameters of the Rb 



Di line, the required peak control Rabi frequency is ft ~ 
y/r/NT/Tp w (2?r)10 MHz [U, corresponding to < 100 



//W of power for a beam diameter of 200 fjm. For a 
frequency difference of several GHz between the quantum 
and the control fields, stray control light can be easily 
filtered out @,|37|]. 

Conclusion. — We have proposed a robust photonic 
phase gate based on the exchange of two fermionic excita- 
tions that temporarily carry the photonic qubits. One of 
the advantages of our protocol is that, as in Ref. [f|, the 
spin chain can be simultaneously used not only to couple 
but also to store the photonic qubits, which is crucial for 
many quantum information processing tasks [38| . While 
we have described how the gate works in the occupation 
basis, it can easily be extended to the more convenient 
polarization basis [l| simply by applying the above gate 
to just one of the two polarizations. We also envision ex- 
tensions to fermionic atoms (which will ease initial state 
preparation [39j]), to Coulomb-coupled ions enclosed in 
a cavity [4(|, and to dipole-dipole interacting solid-state 
emitters (such as quantum dots or nitrogen- vacancy color 
centers in diamond) coupled to surface plasmons in con- 
ducting nanowires [4l[. Finally, as will be shown else- 
where, the case V ^ gives access to a phase gate with 
a tunable phase given by ir — 2 tan -1 [V/ (2 J)] . With cur- 
rent experimental systems already sufficient for a proof- 
of-principlc demonstration, our protocol should be im- 
mediately useful as a gate in quantum computation and 
communication and as a probe of spin chain physics. 
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